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I. Introduction.

The theory of 1HultiAdLi; cuherent systems has motivated several

authors to introduce and study special classes of stochastic processes

L which generalize the well kniown classes of lifetimes in the two-state

reliability theory. In d ljpaer by El-Neweihi, Proschan and Sethuraan

(1978) a univariate class ot new better than used (IiBU) processes was

L- introduced. A member in this CIdss can serve as a model to describe

the degradation of a multiState Loiponent. A multivariate process

whose univariate marginls are independent [BU processes can then be

used to describe the joint stochastic behavior of a collection of deg-

radable components. However such a model is not adequate when it is

unreasonable to assume stocIdastic itidependence. The main purpose of

this paper is to introduce a rore general class of multivariate tIBU

processes which extends the univariate IIBU class due to ElNeweihi,

• ": Proschan and Sethuraan (19/u) The approach used in this paper is

similar to the one used by Block and Savits (1981) to introduce a class

of multivariate IFRA processes.

A brief summary of the contents of tis paper is now given. In

section 2 the basic notation, terminology and definitions are given. In

section 3 a class of multivariate rU.U processes (hereafter referred to as

the MINJ class) is definee.. Necessary and sufficient conditions for a

multivariate process to be a member in the '1!'VJ class are given. Finally

in section 4 it is shown that the M1'1170 class enjoys a number of closure

properties .hich inclu !e as special cases some well known preservation

properties of the univariate class of PRJ lifetimes. Some of these prop-

erties are utilized to construct examples of ' W nll processes. Using one of

the characterizations established in section 3, the ,..U class is shown to

be closely related to a well known class of multivariate M!U distributions.



-2-

I,

2. flotation, Definitions and Terminology.!n
* - The vector x = (x , ...,x n ) denotes a point in Rn, the real n-

dimensional Euclidean space equipped with its usual metric

Y< X means that Yi < xi ' i =

y < x means that yi <x i = ,...,n

A subset US Rn is an upper set if XEU and x <y imply that yEU.

Given a vector xRn, Q denotes the set {y: x < y

A function f: Rn , Rr is a nondecreasing function if x< y implies

that f(x) . f(y). A nonincreasing function is similarly defined.

Throughout the remainder of this paper all the random variables

(random vectors) considered are assumed to be nonnegative.

3. The HNBU Class: Definition and Characterizations.

First let us recall that a nonnegative random variable T is said

to be NBU if

-* P(T > t) < P(T > .-(t)P(T > (l-)t), (3.1)

for every t > 0 and every 0< < 1.

In the context of reliability theory the random;i variable T usually rep-

resents the lifetime (functioning time) of a component that can be in

either of two states "functioning" (denoted by 1) and "failed" (denoted

by 0). In a paper by El-Neweihi, Proschan and Sethuraman (197C) a class

of univariate IBU stochastic process was defined as follows: A nonnegat-

ie, nonincreasing and right-continuous stochastic process {X(t): t > 0}
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whose state space is {0,1,...,M) is said to be NBU if

T. = inf {t: X(t)4 {j+l,...,fl}} (3.2)

is UBU random variable for every jE{0,l,...,M}. Such a process was intro-

duced to describe the stochastic benavior of a multistate component which

starts at time 0 in state M (perfect functioning) and deteriorates, as

time passes, to lower statesuntil finally state 0 (complete failure) is

reached. The definition of the NBU process can be easily extended to the

-case in which the state space S is any subset of [0,-) by simply requiring

that the random variable

Ta inf it: X(t)4(a,o-)} (3.3)

is NBU for every a >0.

A natural multivariate extension of (3.3) is now used to define the

MfiBU class of stochastic processes.

Definition 3.1. A vector-valued stochastic process {X(t)=(X (t),...,Xn(t)):

t > 01 is said to be a MHBU process if it is nonnegative, nonincreasing,

right-continuous and the random variable

TU - inf It: X(t) 4 U1 (3.4)

:" in WBU for every open upper set UG Rn.

The class of all MINBU processes (of all dimensions) is called the

MNBU class. Clearly the MNBU class includes, when n=l, the univariate

rBU class due to El-Neweihi, Proschan and Sethuraman (1978). Also in a

recent paper by Clock and Savits (1981), the authors define a multivariate

class of IFRA processes by requiring the random variable in (3.4) to be
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IFRA. Clearly their class is a subclass of the fliiBU class.

Remark 3.2. In view of (3.1) and t;ie right-continuity of the process

-, {X(t): t > 0}, condition (3.4) is equivalent to

P(X(t) E U) < P(X(Cxt) E U)P(X((l-ct)t)e U), (3.5)

for every t > 0, 0 < ci < 1 and every open upper set U Q Rn.

In the remainder of this section two characterizations of the MNBU

class are given. These characterizations are used in section 4 to establish

properties of the ;INBU class and relate it to a well known class of multi-

variate NBU distributions. First we need the following lemma whose proof

is essentially due to Esary, Proschan and Walkup (1967)(see also Marshall

and Shaked (1982)).

Lemma 3.3. Let {X(t): t > 01 be a stochastic process. Then condition (3.5)

is equivalent to

P(X(t) E U) < p(X(cXt) E U)P(X((l-a)t) E U) (3.6)

for every t > 0, 0 < cL < 1 and every upper Borel set U S Rn.

The following theorem gives a necessary and sufficient condition for

a nonnegative, nonincreasing and right-continuous stochastic process {X(t):

t > 01 to be a MNBU process.

Theorem 3.4. The process {X(t): t._ 0} is a "INBU process if and only if

E [0< C)(3.7)

for every nonnegative, nondecreasing and Borel measurable function .:R - R

and every t > 0, 0 t < I.
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Proof. Obviously (3.7) implies (3.5) by taking ==IU, where U C R
n is

an open upper set. Now assune {X(t): t > O} is a MINIBU process. In view

of (3.6), condition (3.7) is satisfied for all q= aIU  where a > 0 and
I mI

U S R is an upper Borel set. Letq'= E % wherepi = ai I' ai > 0,
i=l

U iq Rn is an upper Borel set, i = l,...,m and n -1. By Holder inequality

for sequences and Minkowski inequality for the L -norm, 0< a < 1, we get

i" I n.

."' _< E [,a(X(at)) I E [, l' _(-alt))

The general result now follows by taking monotone sequences of such fun-

ctions and passing to the limit.

Remark 3.5. In a recent paper by farshall and Shaked (1982) the authors

established a similar characterization for their class of multivariate NBU

distributions. However tiey used a different method to extend the validity

of the inequality in (3.7) from indicator functions to nonnegative linear

combinations of indicator functions.

I The second characterization for the ilIBU class, which is useful in

relating it to a multivariate concept of NBU distributions, follows from the

following lerma which is due to Block and Savits (1980). We provide here

a simple and new proof.

n 1 n
Lemmra 3.6. Let U Q R be an open upper set. Then U = u Qxi, where x E R

i=l,2,.....

4'' , ,'' ,, - -. ,,-. .- ' - . ". - ." .'. . - - . "- - , . "- - . . .i - . , " / / "' _ - '""'.
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Proof. Let x be an arbitrary elerent in U. Since U is open there exists

a yE U suci that y : x and yi is rational, i = 1,2,..., n. The result

now follows by observing that x F Q % U and that the set of points in Rn

with rational coordinates is countable.

Theorem 3.7. The following condition is equivalent to (3.5),

P(X(t) E U) < P(X(At) E U)P(X((l-,t)t) E U),

P n
for all t > 0, 0 < a < 1 and all U of the formi u Q i where x R Ri:l --

i = 1,...,p, p is a positive integer.

Proof. Obviously (3.5) implies (3.0). Now assume (3.8) is true and let

U be an open upper set. By lemma 3.6 there exists a sequence U1  U2q...

increasing to U and (3.8) is true for each Ui. The result now follows by

passing to the limit.

4. Closure Properties, Examples and a Related Class of -lultivariate

NgU Distributions.

Closure properties of the IIIBU class, which correspond to cot:on reli-

ability operations, are established in this section. Such properties are

then utilizcd to construct and identify merers of te HIBU class.

In the followina theorein thrce fundamental closure properties of the

.IBU class are cstablished.

Theorem 4.1. The followin properties :,old for t.'te !lrBU class:

(P .et A) = (X((t),. .. ,X(L)): t . O} be a MtrBU process and let

f:Rn  Rm be a nonnecativc, nondec.reasinn and left-continuous function.

Then ff(,(t)): t > 0 } is a .rU process.

• - ,•-: .? - 2 ./ : •. :.- :.- .
. .' . . , i . . - -- , , ] " ;- -. .- _- , . -
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(P2) Let { /(t) : (Xl(t),.. ()): _ 01 and{ Y(C) = (Yl(t),... ,Y.(t):t

be two independent 'h13U processes. Then (t); Y (t))" t >0}is a (m + n) -

dimensional IM:BU process.

(P3) Let {Xn (t): t > 0}, n=l2,. be a scouc.nce of !*'-dimensional MNIBU

*.';" proccsses a;:, .u (t) L.A(. ) for every t, viere {X(t): t > 01 is nonnegat-
- ive no;increasin. anL' rioh"-COItinuOUS process. T",.hI; t ts

rIuBU process.

Proof. (P1) The proof is obvious in vi :-, of theorcn, (3.4).

(P2) The oroof is sirilar to tV.C or--. .ive.- Ly rlarshall and Shaked (1982),

pa _ '.-: to cstabl2i0 a siilar proncrty for their class of multi-

veriate IVU distributions. The deztails are L: erzfore omitted.

(P3) Lot U 9 R' be an open upper set. Lot :', - R be a sequence of

continuous, bounded an nondecreasinci functions suchl thattr - I, point-

i wise. By theorem 3.4 we have

"hc result ,o, follows by ta'ino limits as n-, then as m

Renmar" 4.2. The assu.IPtinn of left-continuity ii, (P1) is not needed

"-Y'n the state spacc for tic process {X('): t > 0} is finite.

The folotnc propertLies for thcc 113,L class are immediate consequences

of the fu;i amental oroperties (P1) and (P2).

Corollary 4.3. Thic followi propcrtics 'Iold for the ;[U class:

(P3) Le {X(t): ' > 0), i=l1..,n be irdpcnccwt univariate 1U processs.

Then {x( ) : (X,(tA.. ,X(L: 0'. is a ]ITU process.

(P4) Let {X(t): t -_ 01 be a n-dimesioual ';:!BU process. Thcn

(X(t) -(X (t), X ,k (t)): t is a -dimensional iHPGU process, where

< k < n and 1 I ... < i <



(P5) Let ,X%(t) A Lx(~, -I IX ( ):t_*be a 7Uprocess and let

R Lc nooirative, nontdecroasi;, , ai;6 l-ft-contioiuous function,

...... . .,rt) : -L > 0} is a ri:;3u process.

(P6) Let (X.(tc): t > 01 i=P1, I, be k indepcndent '.',BU processes of

t;-i sanc J,m-iision. T;,--;. { Z .(tL): IL > 01is a I'lDU process.
il-1

Proof. T:;c proof is obvious and i1s tL:iEreforo_ omitL-'cC.

'Lmar', 4.4-. I' ,hot.l1 be noted that tegcneralizcd UBM closure theorem

due to El-~iiProsc~iao and Sszt;,urama:; (11,71) is a special case of

(P). Also obs~rvc '-',a-' (P.66) asscrts -,c closurc of he !4'6 class under

convol Ution.

fh fol11oino ti icorcn rel a -es Uie ?.13u cl ass -*.o a I.~l known cl ass

of nultLivariate" i3U random vectLors, oamnly 2:Class C={T=(T,..T 1)

T is ionnca tivc a-.,- -(Tf) is '.!U for cvcry monoto-_:- life fun~ction T-, n

is arbitrary positive invtcocr .(recall 6iat T (T) ;-as t;.E form
p

Ma x mini T. v! ~c r c u A.~i .. :

<lj <p iEA. 1  j=l

I .2orcr, 4.5. T p rocc-s (',t): -L > 0} is a ",.:UU process if and only if

evcry finite-, coioc-6ion, of fT.x I 1 i < ;,,} i i. C, '::-,rc

iv inif{t: X1(t) < x}1

Proof. T':* proof follow:s rcac y b-:'1 2cor.-m 3.7 a:,,.' sinplc oiscrva'-

ion -6-a L for ai,,, tiro upper Sor--l sc't5- Ul ILI) I~u~=nx(T T

1 A 2=min (T u9 T u2 ). The simple details of the proof are left to the reader,

fcnar-*. 4.6. Thie abovz 2.orcv -is '-ss:-Atially analocuk- of t~icoram 2.4

of 5lock a;,,- Sa v i (Cs121)
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llhe above properties of ,L'e ,,,3U class and its relationship to the

class C of multivariate HCU random vectors can be utilized to construct

many examples of thSU processes. For instance if T belongs to C then

J{((T 1  > t  '' (Tn > t) )  t > 0 }  is a [ DII'U process. Also multivariate

processes viosc coordinatcs are monotone fu;,ctions of independent univar-

ialae "':U proccs- .- ar: : L:u proce-sss. ,.c following example motivated
by te teory of multistate coh:rent systems illustrates the construction

and identification of members of te ,B' class.

Example 4.7. Consider a system of n binary independent components. Assume

we have li-l spares for eac'i of the n compdncnts. A failed component is

.. instantaneously rcplaccd by one of its spares. All the lifelengths are

assumed o bc indepsndnt "U random variables. When the original compon-

ent i is functioning (and none of L'ie spares ;,as been used), ti-e consider

tat component i is in state ",. Upon failure of te original component

one of its spares is usd and so t; conponet .ow cntcrs state -, etc.

Let (t) = (X 1 ),.. ): t > } e 0c process woscribina the states

of thc n conpone nts as time passes. Then {, t): t >31 is a fliBU process.

Moreover if t le ,n components are forminr a coherent system h:,osc cut sets

are CI,...Cr and Yj(t) = max (,,(t)), j=l,...,r, ::cn {(Yl(t),...,Yr(t)):

t > 0} is also a ,.'SU orocess.

I



R EF M EP!CES

1. Block, H.W. and Savits, T.H. (1980). Multivariate increas-

ing failure rate average distributions. Ann. Probability,

8, 793-801.

2. Block, H.W. and Savits, T.11. (1981). Multidimensional IFRA

processes. Ann. Probability, 9, 162-166.

3. El-Meweihi, E., Proschan, F. and Sethuraman, J. (1978).

Multistate coherent systems. J. Appi. Prob., 15,

675 - 688.

4. Esary, J.D., Proschan,F. and 1'alkup, D.W. (1967). Associat-

ion of random variables with applications. Ann. Math.

Statist., 38, 1466-1474.

5. 'larshall, AAJ'. and Shaked, M.~ (1982). A class of multivari-

ate new better than used distributions. Ann. Probability,

10, 259-264.



Va,'

4.~

, 1-

If

fe .

*e


